Abstract We study role of the Hall diffusion in the magnetic star-disc interaction. In a simplified steady state configuration, the total torque is calculated in terms of the fastness parameter and a new term because of the Hall diffusion. We show the total torque reduces as the Hall term becomes more significant. Also, the critical fastness parameter (at which the total torque is zero) reduces because of the Hall diffusion.
the structure of the accretion discs is significantly modified because of the magnetic effects even in the simplified models (e.g., Lovelace, Romanova, and Newman 1994; Shalybkov and Rudiger 2000; Shadmehri 2004; Shu et al. 2007 ). Most of the theoretical models for the magnetized accretion discs are within the framework of the ideal MHD, in which the diversity of different charged particles is neglected. If ions, neutrals and electrons are considered as separate fluids, non-ideal MHD effects mainly due to the drift velocities between the charged particles will emerge (e.g., Wardle 1999; Balbus and Terquem 2001) . Over recent years many authors have tried to present models in order to capture the basic physics of non-ideal MHD effects in accretion discs, in particular Hall diffusion (Wardle 1999; Balbus and Terquem 2001; Rudiger and Kitchatinov 2005; Liverts, Mond, and Chernin 2007; Shtemler, Mond, and Rudiger 2009) . Although all these studies are showing significant effects of the Hall diffusion on the magnetized accretion discs, the models are restricted to the discs around non-magnetized central object. But we know that for a disc around a magnetized object like a neutron star, the poloidal component of the central magnetic field can interact with the disc and generate a toroidal field inside disc because of different rotational velocities of the central field and the disc itself (e.g., Ghosh and Lamb 1978) . Thus, a magnetically threaded thin accretion disc will experience an extra torque due to the combined effect of the poloidal component and the induced toroidal component of the magnetic field. However, the true nature of the interaction of the stellar magnetic field with the disc is still under debate (Wang 1987; Romanova et al. 2003) and the Hall diffusion is neglected for simplicity.
Following early works of magnetic star-disc interactions (e.g., Ghosh and Lamb 1978) , the authors have been studying either the influences of the extra magnetic torque on the structure of disc (e.g., Campbell and Heptinstall 1998; Erkut and Alpar 2004; Matthews et al. 2005; Khajenabi, Shadmehri, and Dib 2008; Kluzniak and Rappaport 2007) or spin evolution of the central star due to the exerted magnetic torque (e.g., Dai and Li 2006, here after DL) . However, all previous studies are restricted to the ideal MHD approach. Here, we study magnetic star-disc interaction, but including the non-ideal Hall term in the induction equation. Basic equations are presented in the next section. We will study role of the Hall term in the total torque in section 3.
General Formulation
The classical approach of analyzing magnetic star-disc interaction is done by considering thin disc approximations for a steady state and axisymmetric accretion disc (Ghosh and Lamb 1978) . Basic MHD equations are written in the cylindrical coordinates (r, ϕ, z), where the central object with mass M is at the origin. Then, the equations are integrated in the vertical direction to obtain a simplified set of algebraic equations for the physical variables of the disc. We are following such an approach, but our analysis differs from the previous studies by including Hall term in the induction equation that will lead to a modified magnetic star-disc torque. Since we are interested in calculating the torque because of the magnetic start-disc interaction, we do not need continuity equation or momentum equation. But for calculating the disc structure one should use these equations as well.
First, we obtain the generated toroidal component of the magnetic field considering both the resistivity and the Hall diffusion. It will enable us to determine the total torque exerted on the star by the disc. Induction equation is
whereB = B/B and η is the Ohmic coefficient and Hall coefficient is η H = cB/4πen e where n e is the number density of the electrons. In steady state, the components of induction equation in the cylindrical coordinates (r, ϕ, z) are written as
and Fig. 2 The non-dimensional torque τ /(Ṁ √ GM R0) versus fastness parameter ω (top plot). Each curve is labeled by the non-dimensional Hall term γH . Bottom plot shows the critical fastness parameter ωc (at which the total torque becomes zero) versus γH. We take γ = ξ = 1.
where B R , B ϕ and B z are components of the magnetic field B. It is assumed that the magnetic diffusivity η is of the same physical origin as the turbulent viscosity in the standard model of the accretion discs (Shakura and Sunyaev 1973) . Thus, in analogy to the α-prescription, the magnetic resistivity is written as (e.g., BisnovatyiKogan and Ruzmaikin 1976)
where c s and H are the sound speed and half thickness of the disc, respectively. Also, η 0 < 1 is a dimensionless numerical factor. The Hall coefficient can be rewritten in terms of the Alfven velocity v A = B/ √ 4πρ and the Hall frequency ω H = eB/cm * i as
where m * i = ρ/n e is the effective ion mass and L H = v A /ω H is the Hall length.
Since we have B R < B z , B ϕ < B z and H << R, it is possible to simplify components of the induction equation as (e.g., Erkut and Alpar 2004)
Note that last terms of both the above equations are corresponding to the Hall conductivity. Equation (5) gives us
where Lovelace, Romanova, and Newman 1994) , and B + R is the radial component of the magnetic field at the surface of the disc (see also, Shu et al. 2007) .
Assuming that the star is rotating with angular velocity Ω * , we can integrate equation (6) in the vertical direction
or
where γ is a parameter of order unity and Ω is the rotational velocity of the disc. Here,
is the Keplerian rotational velocity. If the vertical component of the magnetic field threading the disc is given, the toroidal component is obtained using this equation.
If we neglect the contribution of the Hall conductivity, we can see that equation (9) reduces to the classical generated toroidal field (e.g., Ghosh and Lamb 1978) . To evaluate B + ϕ it is convenient to express η H /η in terms of their values at the inner edge of the disc R 0 .
In doing so, we note that the vertical component of the magnetic field B z due to the central neutron star with radius R * is
where B * is the surface magnetic field strength. If we introduce nondimensional variable x = R/R 0 and µ = B * R 3 * as the dipole moment of the neutron star, the dipolar magnetic field of the central star can be written as
where B = µ/R 3 0 . Considering equations (3), (4) and (11), the toroidal component B + ϕ becomes
where
The Total Torque
The total torque exerted on the central star because of the magnetic interaction with the disc is given by
where τ 0 is the magnetospheric torque and τ mag is the magnetic torque due to the interaction with the surrounding accretion disc. The magnetic torque τ mag is because of the generated toroidal component B + ϕ and the external vertical component B z , i.e.
But the shearing motion between the corotating magnetosphere and the non-Keplerian boundary layer in the disc will lead to the magnetospheric torque τ 0 . Thus,
where ∆ is the width of the boundary layer which is thin comparing to the inner radius R 0 . To evaluate the magnetic torque in equation (15) a Keplerian rotational profile for the disc is considered. But the boundary layer does not rotate with a Keplerian profile (e.g., Erkut and Alpar 2004) . Thus, the torque τ 0 can be determined by considering an approximate power law form for the rotational profile,
Having equations (11), (12) and (17), one can simply calculate the torque τ 0 using equation (16), i.e.
where δ = ∆/R 0 (δ ≪ 1) and ω = Ω * /Ω 0 . For ω ≤ 1, the total torque τ can be written as
where ξ = √ 2γδ and also we have assumed the ram pressure of the accreting matter at the inner radius R 0 is equal to the magnetic pressure due to the dipolar field of the neutron star. So, µ 2 /R 3 0 =Ṁ √ 2GM R 0 . If we neglect the Hall contribution, the above total torque reduces to equation (11) of DL, in which the magnetic star-disc interaction was studied, but without Hall diffusion. Figure 2 shows the non-dimensional torque τ /(Ṁ √ GM R 0 ) versus fastness parameter ω (top plot). Each curve is labeled by the non-dimensional Hall term γ H and like DL we assume γ = ξ = 1. The net total torque reduces as the Hall term becomes more dominant. On the other hand, we can define the critical fastness parameter ω c , at which the total torque is zero τ = 0. Bottom plot of Figure 2 shows ω c versus γ H . This Figure shows that as the Hall term becomes larger, then the critical fastness parameter reduces. Evidently, the importance of the Hall term is evaluated via nondimensional parameter γ H in our model (see equation (13)). If we assume β R ≈ η 0 ≤ 1 and also c s ≈ v A , then it is the ratio of the Hall length and the thickness of the disc that determines relative importance of the Hall term. Under these conditions one can neglect the Hall term in the magnetized star-disc interaction if the Hall length is much smaller than the thickness of the disc. Otherwise, Hall term and its effect in reducing the magnetic torque should be considered as we showed in our simple model. We also note that the Hall length given by equation (4) depends on the density of the electrons as n −1 e . Thus, as the system tends to a weakly ionized state (i.e., density of the electrons decreases), the Hall length becomes larger. However, it is not easy to calculate the electron density properly because of a wide variety of the physical processes which are operating in the inner parts that result in ionization of the gas. For example, radiation of the central star may ionize the gaseous disc at the boundary layer between the disc and star itself. It is interesting to speculate that level of ionization is changed because of possible variations in the intensity of the radiation of the central star. If so, the total torque is modified because of a change in the number density of the electrons. Does such a variation in the total torque modify the spin evolution of the central star? That is an interesting question for future work. But our model, at least qualitatively, shows this scenario is feasible.
Conclusions
We studied magnetic interaction between a central magnetized star and its surrounding accretion disc considering the Hall term. When the level of ionization is not high, one can expect the Hall term contributes to the generated toroidal field. Using a simple model, but illustrative, we calculated the total magnetized torque between the star and the disc. We found that the net total torque reduces when the Hall term becomes large. In particular, when the Hall length is a fraction of the disc thickness, modification to the total torque because of the Hall term is more significant. However, we have not studied the structure of the disc with this extra torque which is an interesting topic for further study.
In our study, the magnetic star-disc interaction is based on a direct generalization of Ghosh & Lamb (1978) to include the Hall term. In this approach, the magnetic field of the central star threads the disc at different radii and the field lines are closed. This model implies existence of an inner boundary layer extended to an outer transition region. However, other magnetic configurations have also been studied by the authors to analysis the magnetic star-disc interaction. For example, Lovelace et al. (1995) proposed a different picture for the magnetic star-disc interaction, in which the field lines are not closed at some regions of the disc. They argued the magnetic field lines threading the star and the disc may experience a rapid inflation if the angular velocity of the star and that of the disc differ significantly. Thus, the field lines near to the star are closed, but far from the star the lines become open. Magnetically driven outflow or winds may launch from surface of the disc at the regions with open field lines and then, not only the mass but also the angular momentum are extracted from the disc by the winds. In our model, just the very inner part of the disc (i.e., boundary layer) and its magnetic interaction with the star are considered. In this region, the models of Lovelaec et al. (1995) and Ghosh & Lamb (1978) both are assuming the field lines are closed. However, we did not study the structure of the disc and only the magnetic torque analyzed. Our work shows that the Hall term contributes to the generated toroidal magnetic field significantly and so, in the future works, one can include the Hall term and do a similar analysis to Lovelace et al. (1995) to study even the regions far from the central star and the geometry and structure of the winds and their back reaction on the disc. It is beyond the scope of the present paper.
